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By the Landau criterion, the superfluid critical velocity
yc cannot be greater than v!k, for any excitation v"k#
in the spectrum [1]. Note that vortex production usually
limits the speed of superfluid flow to a value lower than
v!k [19,20].

Our condensate of 87Rb atoms in the 5s1!2, F ! 2,
mF ! 2 ground state is produced in a QUIC (quadrupole
and Ioffe configuration) magnetic trap [21], loaded by a
double MOT system. The magnetic trap contains 6 3
107 atoms. After 22 sec of evaporation, 1 3 105 atoms
remain, forming a nearly pure condensate, with a thermal
fraction of 5% or less. The bias magnetic field is 2 G. The
radial and axial trapping frequencies are 220 and 25 Hz,
respectively, yielding radial and axial Thomas-Fermi radii
of 3 mm and R ! 28 mm, respectively.

v"k# is measured by Bragg spectroscopy [5,22]. Two
Bragg beams A and B with approximately parallel polar-
ization, separated by an angle 3± # u # 130±, illuminate
the condensate for a time tB. The frequency of beam A
is greater than the frequency of beam B by an amount v
determined by two acousto-optic modulators. If a pho-
ton is absorbed from A and emitted into B, an excitation
is produced with energy v and momentum k, where k !
2kp sin"u!2#, and kp is the photon wave number. Here,
we neglect the possibility that a single photon will excite
multiple excitations, in contrast to the case of superfluid
4He [1,23].

The time average of m!h during the Bragg pulse is
determined [24] by the radial size of the condensate after
free expansion with and without the pulse, giving m!h !
1.91 6 0.09 kHz, which is taken to be the relevant value
for v"k#.

The wave vector "k is adjusted to be along the axis of
the cigar-shaped condensate. To insure that the entire con-
densate is stimulated by the Bragg pulse, the length of
the pulse tB is chosen such that the spectral width of the
pulse is roughly equal to the intrinsic width of the reso-
nance. For this experiment, the broadening due to inho-
mogeneous density Dnld always dominates the Doppler
broadening [5], and is given by [4] 0.45 kHz for large
k, and 0.3v"k#!"2p# in the phonon regime. Thus, tB is
chosen to be roughly "2Dnld#21. For large k, the reso-
nance may be further broadened by s-wave scattering. For
k $ 6.8 mm21, s-wave scattering is clearly visible.

The beams are detuned D ! 6.5 GHz below the 5S1!2,
F ! 2 ! 5P3!2, F ! 3 transition. The intensities IA
and IB of each beam are adjusted to values between
0.1 mW cm22 and 1.1 mW cm22, so that the number of
excitations is 10% to 20% of the number of atoms in
the condensate. For pulses of this strength, the chemical
potential decreases by an average of only 12% during the
pulse.

After the Bragg pulse, the atoms are allowed to expand
freely, transforming the excitations into free particles [6],
which are subsequently imaged by absorption, as shown
in Fig. 1. The left and right clouds correspond to the
condensate and excitations, respectively.

FIG. 1. The Bragg and condensate clouds. (a) Average of
two absorption images after 38 msec time of flight, following
a resonant Bragg pulse with k ! 2.8 mm21, in the phonon re-
gime. (b) Cross section of the same image. The dashed line is
a Gaussian fit to the condensate cloud, used to find the zero of
momentum. The radial and axial coordinates are indicated by
r and z, respectively.

To determine the efficiency of stimulation of excitations
by the Bragg pulse, the total momentum in the axial direc-
tion relative to the center of the condensate cloud is com-
puted from the image, in the combined regions of the two
clouds. The total momentum is divided by Noh̄k, where
No is the average number of atoms in the condensate during
the Bragg pulse, to obtain the efficiency. This efficiency is
somewhat exaggerated though, because the total momen-
tum includes momentum from the release process.

The thus-measured efficiency P"k, v# for each direc-
tion is shown in Fig. 2, for k ! 2.8 mm21. The curve of
P"k, v# is well approximated by a Gaussian plus a con-
stant. The constant results from the background in the im-
ages. The symmetric shape of P"k, v# about the resonance
frequency probably reflects the spectral shape of the Bragg
pulse, rather than the intrinsic shape which is expected to
be asymmetric [4]. Therefore, the notation P"k, v# is em-
ployed, rather than S"k, v#, whose shape is the intrinsic
shape.

The resonant frequency is taken as the center value of the
Gaussian fit to P"k, v#, as shown in Fig. 2. v"k# is taken
as the average of the resonant frequencies for the left and
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FIG. 2. The efficiency P"k, v# for k ! 2.8 mm21. The open
and filled circles are for left- and right-traveling clouds, respec-
tively. The lines are fits of a Gaussian plus a constant.
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Observation of  Bogoliubov dispersion
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right directions, which removes the effects of the Doppler
shift resulting from any sloshing of the condensate in the
trap during the Bragg pulse.

Figure 3a shows the measured excitation spectrum,
which agrees well with (2). A linear phonon regime is
seen for low k, and a parabolic single-particle regime for
high k. The excitations seen to have the smallest value of
v!k are the phonons. Therefore, by the Landau criterion,
the superfluid velocity yc is bounded by v!k for the
phonons.

The inset of Fig. 3a shows the low k region of v"k#.
To extract the initial slope from the data, (2) is fit to the
points with k less than 3 mm21, with m taken as a fit
parameter. The fit is not shown in the figure. The result
gives the speed of sound for the condensate to be ceff !
2.0 6 0.1 mm sec21, which is also the measured upper

FIG. 3. (a) The measured excitation spectrum v"k# of a
trapped Bose-Einstein condensate. The solid line is the Bogo-
liubov spectrum with no free parameters, in the LDA for
m ! 1.91 kHz. The dashed line is the parabolic free-particle
spectrum. For most points, the error bars are not visible on the
scale of the figure. The inset shows the linear phonon regime.
(b) The difference between the excitation spectrum and the
free-particle spectrum. Error bars represent 1s statistical un-
certainty. The theoretical curve is the Bogoliubov spectrum in
the LDA for m ! 1.91 kHz, minus the free-particle spectrum.

bound for yc. This value is in good agreement with the
theoretical LDA value of 2.01 6 0.05 mm sec21. The line
at 2pR21 indicates the excitation whose wavelength is
equal to the Thomas-Fermi radius of the condensate in the
axial direction. The measured v"k# agrees with the LDA,
even for k values approaching this lower limit of the region
of validity. As k goes to zero, v"k# is seen to approach
zero, rather than exciting the lowest order radial mode,
the breathing mode, which is twice the radial trapping
frequency, 440 Hz [12,13].

In Fig. 3a, the measured v"k# is clearly above the
parabolic free-particle spectrum h̄k2!"2m#, reflecting the
interaction energy of the condensate. To emphasize the in-
teraction energy, v"k# is shown again in Fig. 3b, after
subtraction of the free-particle spectrum. This curve ap-
proaches a constant for large k, given by the second term
in (4).

For a constant rate of production of excitations, the in-
tegral of P"k, v# over v, equal to the integral of S"k,v#,
is related to S"k# by [25,26],

S"k# ! 2"pV2
RtB#21

Z

P"k, v# dv , (5)

where VR ! "G2!4D#
p

IAIB!Isat is the two-photon Rabi
frequency, G is the linewidth of the 5P3!2, F ! 3 ex-
cited state, D is the detuning, and Isat is the saturation
intensity. The closed circles in Fig. 4 are the measured
static structure factor S"k#, by (5). The values shown have
been increased by a factor of 2.3, giving rough agreement
with S"k# from Bogoliubov theory in the LDA (3). Equa-
tion (3) is indicated by a solid line. The required factor
of 2.3 probably reflects inaccuracies in the various val-
ues needed to compute VR . The open circles are com-
puted from (1), using the measured values of v"k# shown

ξπ
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FIG. 4. The filled circles are the measured static structure
factor, multiplied by an overall constant of 2.3. Error bars rep-
resent 1s statistical uncertainty, as well as the estimated uncer-
tainty in the two-photon Rabi frequency. The solid line is the
Bogoliubov structure factor, in the LDA for m ! 1.91 kHz. The
open circles are computed from the measured excitation spec-
trum of Fig. 3, and Feynman’s relation (1). For the open circles,
the error bars are not visible on the scale of the figure.
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trap during the Bragg pulse.

Figure 3a shows the measured excitation spectrum,
which agrees well with (2). A linear phonon regime is
seen for low k, and a parabolic single-particle regime for
high k. The excitations seen to have the smallest value of
v!k are the phonons. Therefore, by the Landau criterion,
the superfluid velocity yc is bounded by v!k for the
phonons.

The inset of Fig. 3a shows the low k region of v"k#.
To extract the initial slope from the data, (2) is fit to the
points with k less than 3 mm21, with m taken as a fit
parameter. The fit is not shown in the figure. The result
gives the speed of sound for the condensate to be ceff !
2.0 6 0.1 mm sec21, which is also the measured upper

FIG. 3. (a) The measured excitation spectrum v"k# of a
trapped Bose-Einstein condensate. The solid line is the Bogo-
liubov spectrum with no free parameters, in the LDA for
m ! 1.91 kHz. The dashed line is the parabolic free-particle
spectrum. For most points, the error bars are not visible on the
scale of the figure. The inset shows the linear phonon regime.
(b) The difference between the excitation spectrum and the
free-particle spectrum. Error bars represent 1s statistical un-
certainty. The theoretical curve is the Bogoliubov spectrum in
the LDA for m ! 1.91 kHz, minus the free-particle spectrum.

bound for yc. This value is in good agreement with the
theoretical LDA value of 2.01 6 0.05 mm sec21. The line
at 2pR21 indicates the excitation whose wavelength is
equal to the Thomas-Fermi radius of the condensate in the
axial direction. The measured v"k# agrees with the LDA,
even for k values approaching this lower limit of the region
of validity. As k goes to zero, v"k# is seen to approach
zero, rather than exciting the lowest order radial mode,
the breathing mode, which is twice the radial trapping
frequency, 440 Hz [12,13].

In Fig. 3a, the measured v"k# is clearly above the
parabolic free-particle spectrum h̄k2!"2m#, reflecting the
interaction energy of the condensate. To emphasize the in-
teraction energy, v"k# is shown again in Fig. 3b, after
subtraction of the free-particle spectrum. This curve ap-
proaches a constant for large k, given by the second term
in (4).

For a constant rate of production of excitations, the in-
tegral of P"k, v# over v, equal to the integral of S"k,v#,
is related to S"k# by [25,26],
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IAIB!Isat is the two-photon Rabi
frequency, G is the linewidth of the 5P3!2, F ! 3 ex-
cited state, D is the detuning, and Isat is the saturation
intensity. The closed circles in Fig. 4 are the measured
static structure factor S"k#, by (5). The values shown have
been increased by a factor of 2.3, giving rough agreement
with S"k# from Bogoliubov theory in the LDA (3). Equa-
tion (3) is indicated by a solid line. The required factor
of 2.3 probably reflects inaccuracies in the various val-
ues needed to compute VR . The open circles are com-
puted from (1), using the measured values of v"k# shown
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FIG. 4. The filled circles are the measured static structure
factor, multiplied by an overall constant of 2.3. Error bars rep-
resent 1s statistical uncertainty, as well as the estimated uncer-
tainty in the two-photon Rabi frequency. The solid line is the
Bogoliubov structure factor, in the LDA for m ! 1.91 kHz. The
open circles are computed from the measured excitation spec-
trum of Fig. 3, and Feynman’s relation (1). For the open circles,
the error bars are not visible on the scale of the figure.
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New version: in situ imaging
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c ¼ ðc o þ !c Þe%ið"="Þt; (1)

where " is the chemical potential, and the small perturba-
tion is given by

!c ¼
X

k

ffiffiffiffiffiffiffi
Nk

V

s
½ukeiðk'r%!ktÞ þ vke

%iðk'r%!ktÞ(;

where V is the volume of the condensate, and uk and vk are
the Bogoliubov amplitudes, which were measured in
Ref. [14]. We find that the density is given by

n ¼ jc j2 ¼ n0

"
1þ 2ffiffiffiffi

N
p

X

k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NkS0ðkÞ

q
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#
;

(2)

where n0 is the average density. For the standing wave, the
Fourier transform of the density is given by

#k ¼
$
U$

"

%
NS0ðkÞ sinð!ktÞ: (3)

The standing wave is at a node just after the short Bragg
pulse (t ¼ 0), and we have adjusted the origin in time
accordingly. Thus, by observing the frequency and ampli-
tude of the oscillation of #k, we obtain the dispersion
relation !k, as well as S0ðkÞ.

The sinusoidal potential is created by imaging a spatial
light modulator (SLM) onto the condensate. The SLM is
illuminated by a far-detuned laser (803.5 nm). The image is
filtered in the Fourier plane [15], resulting in two Bragg
beams whose angle can be varied by changing the image
on the SLM. The condensate is composed of 87Rb atoms in
the F ¼ 2, mF ¼ 2 state and is confined in a cylindrically
symmetric harmonic magnetic potential, with radial and
axial frequencies of !?=2% ¼ 224 Hz and !z=2% ¼
26 Hz, respectively. We primarily study a larger conden-
sate with "=h ¼ 2340 Hz, as well as a smaller condensate
with "=h ¼ 1200 Hz. Immediately after the short Bragg
pulse, the density profile is very similar to the unperturbed
condensate shown in Fig. 1(b), and in the integrated profile,
Fig. 1(e). After a time corresponding to one-fourth of a
period, however, the density modulation is at a maximum,
as seen in Fig. 1(c). The densitymodulation disappears again
after half a period, as seen in Fig. 1(d). In Figs. 1(b)–1(e), the
only potential present is the harmonic trapping potential.

Figure 1(f) shows the magnitude squared of the Fourier
transform of the profiles. The asterisk indicates the point
corresponding to the applied k. We plot one phase compo-
nent of this point as a function of time, as shown in
Fig. 1(g). The phase is chosen to be that of the density
modulation near the antinode [the solid black curve of
Fig. 1(f)]. Since this measurement technique employs a
predetermined spatial frequency k and is phase sensitive, it
has the advantages of a lock-in amplifier [16].

The time of the zero crossing in Fig. 1(g) gives %=!k by
Eq. (3). This time is determined by a linear fit to the data in

the region of the zero crossing. Repeating the experiment
for many values of k gives the dispersion relation !k, as
shown in Fig. 2 for both values of". The error bars are too
small to be seen for most points. Indeed, the errors are an
order of magnitude smaller than the result for Bragg spec-
troscopy [4]. We have also made the perturbation to the
condensate smaller, so the sensitivity improvement is
actually more than an order of magnitude. The black
curves of Fig. 2 are the result of a two-dimensional (2D)
simulation of the Gross-Pitaevskii equation (GPE). This
simulation is cylindrically symmetric with radial and axial
coordinates. The agreement between the measured values
and the simulation is excellent. The lowest measured

FIG. 1 (color). Creating a phonon standing wave by short
Bragg pulses. The larger condensate is shown. (a) Two far-
detuned laser beams, with frequency !L and wave number kL,
impinge on the condensate. Absorption from the left (right)
beam and emission into the right (left) beam results in the
production of a right-moving (left-moving) phonon with wave
number k. The combination of the left- and right-moving pho-
nons results in a standing wave. (b)–(d) Phase-contrast images
of the in situ condensate, for a short 22 "sec Bragg pulse with
k ¼ 2:47 "m%1, where (b) shows the time just before the pulse,
(c) shows the first antinode of the standing wave, at 250 "sec
and (d) shows the second node, at 510 "sec . (e) Integrated
profiles of the images. The top, middle, and bottom curves
correspond to (b), (c), and (d), respectively. The top and middle
curves have been shifted vertically for clarity. (f) The magnitude
squared of the Fourier transform of the profiles. The blue dash-
dotted, black solid, and green dashed curves correspond to
before the pulse, the antinode, and the node, respectively. The
asterisk indicates the k value corresponding to the standing
wave. (g) The time dependence of the Fourier transform of the
standing wave, for k ¼ 0:35 "m%1. The linear fit at the zero
crossing determines !k (solid line). The parabolic fit at the
maximum determines S0ðkÞ (dashed curve).
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Use ultra short pulse: #
!
Frequency uncertainty is large#
(ignore freq. of light)#
!
Atom can absorb photon from  
either beam and emit photon  
into opposite beam



Composition of  Bogoliubov QP
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Step I: Make Bogoliubov qp with small 
momentum kick q #
!
Step II: Momentum analysis with large Q#
!
Step III: Free expansion & imaging#
!
!
Question: why are there Bosons at both 
 # # # # # # # +q and -q?
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qfi0
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j!0

µ

2
yq

uq

∂j

jn2q ! j,n1q ! j! , (4)

where the remaining atoms are in the q ! 0 momentum
state. When ay

1q and a2q act on C0, terms with large occu-
pation numbers j are enhanced: ay

1qjn2q ! j, n1q ! j! !p
j 1 1 jn2q ! j, n1q ! j 1 1!, a2qjn2q ! j,

n1q ! j! !
p

j jn2q ! j 2 1, n1q ! j!. In addi-
tion, 2q and 1q atoms occur only in pairs in the ground
state. Together, these two effects cause both ay

1q and a2q
to increase the number of atoms in both the 2q and 1q
states.

The experiments were performed with condensates
of 3 3 107 sodium atoms in a magnetic trap with ra-
dial and axial trapping frequencies of 37 and 7 Hz,
respectively [11]. The condensate had a peak density of
1.0 3 1014 cm23 corresponding to a chemical potential
of m ! h 3 1.5 kHz, a sound velocity of c ! 5 mm"s,
and a Thomas-Fermi radial radius of 32 mm. The Bragg
beams for the optical lattices were generated from a
common source of laser light 1.7 GHz red-detuned from
the 3S1"2jF ! 1! to 3P3"2jF 0 ! 0, 1, 2! transitions. The
lattices were moved radially through the cloud. This
was done to avoid the high collisional density along
the axial direction, where outcoupled atoms would have
undergone elastic collisions with the condensate [12].
The Bragg beams for imprinting the phonons were at an
angle of 32 mrad with respect to one another, resulting
in a lattice spacing of #9 mm and a recoil momentum
of q ! m 3 1.9 mm"s. The beams propagated at an
angle of 0.4 rad with respect to the longitudinal axis of
the condensate and were linearly polarized perpendicular
to it. The frequency difference (“excitation frequency”)
between the two beams was chosen to be 400 Hz, corre-
sponding to the frequency of the phonons. The excitation
pulse had to be long enough to ensure sufficient frequency
resolution in order to selectively excite 1q phonons, and
no 2q phonons (see below). However, the excitation
pulse also had to be shorter than the transit time of
phonons through the condensate, since phonons accelerate
when they move through regions of varying density. We
chose small-angle Bragg beams 3 ms in duration with
intensity 0.05 mW"cm2, corresponding to a two-photon
Rabi frequency of 50 Hz.

The momentum analysis of the phonons was performed
with two counterpropagating beams that imparted a
recoil momentum of Q ! m 3 59 mm"s onto the out-
coupled atoms. The beams were polarized parallel to the
longitudinal axis of the condensate to suppress super-
radiant emission [13]. A frequency difference (“probe fre-
quency”) of 100 kHz between the two beams corresponded
to the kinetic energy needed for atoms initially at rest to
reach this recoil momentum. To gain recoil momentum
1Q, atoms with initial momentum 1q were resonant at
107 kHz (Fig. 1a). Atoms with momentum 2q were reso-

+q+Q

-q+Q
+Q

-q-Q

+q-Q
-Q

+q
0

(a)

(c)

(b)

(d)

FIG. 1. Momentum distribution of a condensate with phonons.
After imprinting 1q phonons into the condensate, momentum
analysis via Bragg spectroscopy transfers a momentum 6Q
(two-photon recoil) to the atoms. Absorption images after 40 ms
time of flight in (a), (b), and (c) show the condensate in the center
and outcoupled atoms to the right and left for probe frequencies
of 94, 100, and 107 kHz, respectively. The small clouds centered
at 1q are phonons that were converted to free particles. The
size of the images is 25 3 2.2 mm. (d) The outlined region in
(a)– (c) is magnified, and clearly shows outcoupled atoms with
momenta Q 6 q, implying that phonons with wave vector q"h̄
have both 1q and 2q free particle momentum components.

nant at 94 kHz (Fig. 1b). In our experiment, a retro-
reflected beam containing both optical frequencies re-
sulted in two optical lattices moving at the same speed in
opposite directions. This led to simultaneous outcoupling
of 1q and 2q atoms in opposite directions. These
large-angle Bragg beams were pulsed on for 0.5 ms.
The probe pulse had to be long enough to selectively
excite atoms with 6q momentum, but also shorter than
h"m for the mean-field energy to be negligible during
the readout. Each frequency component had an intensity
of 0.7 mW"cm2, corresponding to a two-photon Rabi
frequency of 700 Hz. Subsequently, the trap was turned
off and a resonant absorption image was taken after 40 ms
of ballistic expansion.

Figure 1 shows typical absorption images for various
probe frequencies. The quasiparticle nature of the phonons
was directly evident (see outlined region) in the time-of-
flight distribution through the presence of the peaks at mo-
menta 6q 1 Q. These peaks had well-defined momentum
because the outcoupled atoms left the condensate quickly
(during this time the atoms’ velocity changed by less than
the speed of sound [14]). This “photograph” of the Bo-
goliubov transformation is the central result of this paper.

We now discuss the different momentum components
distinguishable in Fig. 1: (i) The original condensate is
in the center. (ii) The condensate is asymmetrically ex-
tended towards positive momenta. This is due to imprinted
phonons of momentum q that were converted to free par-
ticles during the ballistic expansion. Previously this sig-
nature was used to determine the structure factor of a
condensate [6]. There is no momentum component in the
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